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LARGE DEVIATIONS OF THE THRESHOLD ESTIMATOR OF 
INTEGRATED (CO-)VOLATILITY VECTOR IN THE PRESENCE OF 

JUMPS 

HACENE DJELLOUT AND HUI JIANG 


Abstract. Recently a considerable interest has been paid on the estimation problem 
of the realized volatility and covolatility by using high-frequency data of financial price 
processes in financial econometrics. Threshold estimation is one of the useful techniques in 
the inference for jump-type stochastic processes from discrete observations. In this paper, 
we adopt the threshold estimator introduced by Mancini m where only the variations 
under a given threshold function are taken into account. The purpose of this work is to 
investigate large and moderate deviations for the threshold estimator of the integrated 
variance-covariance vector. This paper is an extension of the previous work in Djellout et 
al m- where the problem has been studied in absence of the jump component. We will 
use the approximation lemma to prove the LDP. As the reader can expect we obtain the 
same results as in the case without jump. 

AMS 2000 subject classifications: OOF 10, 62JOS, 60JOS. 


1. Motivation and context 

On a filtred probability space (O, (J^t)[oq], P), we consider Xi = (Vi t)tg[oq] and 

X2 = (A2,t)tg[oq] two real processes defined by a Levy jump-diffusion constructed via the 
superposition of a Wiener process with drift and an independent compound Poisson pro¬ 
cess. This is one of the first and simplest extensions to the classical geometric Brownian 
motion underlying the famous Black-Scholes-Merton framework for option pricing. 

More precisely, Xi = (Xpt)tg[o,i] and X2 = {X2,t)t&[o,i] are given by 

j dXi^t = bi{t,u)dt + ai^fdWi^t F dJi^t 
\ dX 2 ^t = & 2 (t, Uj)dt -|- 0 ' 2 ,tdW 2 ,t + dJ 2 ,t 

for t G [0, 1 ] where Wi = and W2 = {W2,t)t&\o,i] are two correlated Wiener 

processes, with pt = Cov(lUi^t, f G [0,1]. We can write W2^t = PtdWi^tF-s/^ — PtdW^^t, 
where Wi = and IL3 = (lL3y)ig[o,i] are independent Wiener processes. Ji and J2 

are possibly correlated pure jump processes. We assume here that J\ and J2 have finite jump 
activity, that is a.s. there are only finitely many jumps on any finite time interval. A general 
Levy model would contain also a compensated infinte activity pure jump component. 

Under our assumption Ji is necessarily a compound Poisson processe and it can be written 
as 

Ni,s 

de,s = s G [0,1]. 

i=l 
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Here Yg^i are i.i.d. real random variables having law i^e/Xg, where ug is the Levy measnre 
of Xg normalized by the total mass Xg = — {0}) < +oo, and Ng is a poisson process, 

independent of each Yg^i, and with constant intensity Xg. 

Snch a jnmp-type stochastic process is recently a standard tool, e.g., for modeling asset 
valnes in hnance and insnrance. The key motivation behind jnmp-diffnsion models is the 
incorporation of market ’’stocks”, which resnlt in ’’large” and sndden changes in the price 
of risky secnrity and which can hardly be modeled by the diffnsive component. 


In this paper we concentrate on the estimation of 


[Vl.= 


al,ds, I al,ds, 


2,s^ 


(^l,s(^2,sPs 



Over the last decade, several estimation methods for the integrated variance-covariance 
Vt have been proposed. We adopt the threshold estimator which is introdnced by Mancini 
[T8] and also by Shimizn and Yoshida [26], independently. 

In this method, only the variations nnder a given threshold fnnction are taken into 
acconnt. The specihc estimator exclndes all terms containing jnmps from the realized 
CO- variation while remaining consistent, efficient and robnst when synchronons data are 
considered. 

Since the seminal work of Mancini [18], several anthors have leveraged or extended the 
thresholding concept to deal with complex stochastic models, see Shimizn and Yoshida [26] . 
or Ogihara and Yoshida [22]. The similar idea is also nsed by various authors in different 
contexts; see, e.g., Ai't-Sahalia et ah n. 0 and [3], Gobbi and Mancini [TB] , Cont and 
Mancini [21] , among others. 


So, given the synchronous and evenly-spaced observation of the process • • • , Xg^g 

^ 2 ,toy^ 2 ,ti ■ ■ ■ , ^ 2 ,t„ with tQ = 0,tn = l,n E M, WO consider the following statistics 

[nt] [nt] [nt] 

^k=l k=l k=l 

where X^Xg := Xg^g^, — Xg^g^_.^. However this estimate can be highly biased when the 
processes Xg contain jumps, in fact, as n —)■ oo such a sum approaches the global quadratic 
variance-covariation 

{[Xg]g, [X2]i, [Xg,X2]t) 

where 

[Xg]g\= f al^ds Y'^iAJg^sf, and [Xg,X 2 ]g:= [ ai,s(J 2 ,sPsds + AJi^^AJ 2 ,^. 

Jo g^g Jo 


S<t 


which also contain the co-jumps, where AJg^s = Ji,s — 

If we take a deterministic function r(L) at the step X between the observations, such that 


lim r 

n—^QO 



0 , 


and lim 


logn 


n—goo fif ^ —^ 


0 . 


The function r(-) is a threshold such that whenever > r(L), a jump has to occur 

within Hence we can recover [V]t using the following threshold estimator 
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where 


[nt] 



k=l 


and 


[nt] 



k=l 


In the work [H], the authors determine what constitutes a good threshold sequence 
and they propose an objective method for selecting such a sequence. 

In the case that Xi have no jumps, this question has been well investigated. The problem 
of the large deviation of the quadratic estimator of the integrated volatility (without jumps 
and in the case of synchronous sampling scheme) is obtained in the paper by Djellout 
et ah [12] and recently Djellout and Samoura [13] have studied the large deviation for 
the covariance estimator. Djellout et ah m have also investigated the problem of the 
large deviation for the realized (co-)volatility vector which allows them to provide the large 
deviation for the standard dependence measures between the two assets returns such as the 
realized regression coefficients, or the realized correlation. 

However, the inclusion of jumps within hnancial models seems to be more and more 
necessary for pratical applications. In this case, Mancini [21] has shown that Vf is a 
consistent estimators of Vt and has some asymtotic normality respectively. Furthermore, 
when at = a, she [19] studied the large deviation for the threshold estimator. Jiang [16] 
obtained moderate deviations and functional moderate deviations for threshold estimator. 
In our paper and by the method as in Mancini [13] and Djellout et al m, we consider 
moderate and functionnal moderate deviation for estimators V)"" and large deviation. 

More precisely we are interested in the estimations of 



where H is a given domain of deviation, (vn)n>o is some sequence denoting the scale of 
deviation. When = 1 this is exactly the estimation of central limit theorem. When 
Tn = ^/n, it becomes the large deviation. Furthermore, when —>■ oo and Vn = o{^/n), this 
is the so called moderate deviations. In other words, the moderate deviations investigate 
the convergence speed between the large deviations and central limit theorem. 

Let us recall some basic dehntions in large deviations theory. Let (/it)t>o be a family of 
probability on a topological space (S', S) where 5 is a cr-algebra on S and A* be a nonnegative 
function on [1, +oo[ such that limt^oo = +cxd. A function / : S' —)■ [0, +oo] is said to be 
a rate function if it is lower semicontinuous and it is said to be a good rate function if its 
level set {x G S; I{x) < a} is a compact for all a > 0. 

(fit) is said to satisfy a large deviation principle with speed Xt and rate function / if for 
any closed set F G 5 


limsup — log/rt(F) < — inf I{x) 

t—>-oo Xt xdF 
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and for any open set G G iS 

limsnp — log/it(G) > — inf I{x). 

t—^oo x£G 

Notations. In the whole paper, for any matrix M, M'^ and ||M|| stand for the transpose 
and the euclidean norm of M, respectively. For any square matrix M, det(M) is the deter¬ 
minant of M. Moreover, we will shorten large deviation principle by LDP and moderate 
deviation principle by MDP. We denote by (•, •) the usual scalar product. For any process Zt, 
A*Z stands for the increment Zt — Zg. We use A'^Z for Af^ ^Z. In addition, for a sequence 

of random variables (Zn)n on we say that {Zn)n converges {Xn) — superexponentially 

fast in probability to some random variable Z if, for all 5 > 0, 

limsnp — logPf ||Z„ — Z|| > = —oo. 

n—>-oo An ^ ' 

This exponential convergence with speed will be shortened as 

2 su perex p ^ 


The article is arranged in two npcoming sections. Section 2 is devoted to our main results 
on the LDP and MDP for the (co-)volatility vector in the presence of jumps. In section 3, 
we give the proof of these theorems. 


2. Main results 


Let Xt = {Xi^t,X 2 ^t) be given by fll.lj) . We introduce the following conditions 
(B) for i=l,2 b{-, •) e L°^{dt (g) P) 


(LDP) Assume that for £ = 1,2 

• - Pt) and - pf) G L°°([0,1], dt). 

• the functions t —)■ and t ^ pt are continuous. 

• let r such that 

r ( — ) - > 0 and nr ( — ) - > oo. 

\n J n—too \n/ n—>00 


(MDP) Assume that for £ = 1,2 

• - P?) and ai,ia 2 ,i(l - p'f) G ^^([o, l]^dt). 

• Let (vn)n^i be a sequence of positive numbers such that 


Vn - > OO and 

n^-oo 


and for £=1,2 


- > U and 

yfn n-too 



log 




ri-k 

max / 
Jtk-i 



+ 00 . 


( 2 . 1 ) 
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We introduce the following function, which will play a crucial role in the calculation of 
the moment generating function: for —1 < c < 1 let for any A = (Ai, A 2 , A 3 ) G 


1 [{I- 2Ai(l - c2))(l - 2A2(1 - c2)) - (A3(1 - c2) + c)2 

-2 log 


P,(A) := I 


1 — 

if XeV 


( 2 . 2 ) 


+CX), otherwise 


where 

TXc = \ X & maxA^ < 


£= 1,2 2(1 - c 2 ) 


and (1 - ‘2Xi{l - c^)) > (A 3(1 - c^) + c)H . 


1=1 


(2.3) 


Let us present now the main results. 


2.1. Moderate deviation. Let us now consider the intermediate scale between the central 
limit theorem and the law of large numbers. 

Theorem 2.1. For t=l fixed. Under the conditions (MDP) and (B), the sequence 


(vr(x) - [V], 


satisfies the LDP on with speed v‘^ and with rate function given by 

Imdp{x) = sup ( (A, x) - (A, El • A) ) = ^ (x, • x) 

AeR3 V ^ ^ 


with 


Ei = 


f fo fo (rltaltpfdt alta2,tPtdt \ 

fo ^It^ltPtdt fo (rfidt /q ai^taltptdt 

^lo ^lt^2,tPtdt /q cTi,iCTf iPidf fo + p^)dt^ 


(2.4) 


Remark 2.1. Under the condition be = 0, we can prove that for all 6 

lim 4 logE = 1 < 0 , Si ■ 0 > . 

n^oo V^ V / 2 

This gives an alternative proof of the moderate deviation using Gdrtner-Ellis theorem. 

Remark 2.2. If for somep > 2, crj^, and ai^tO' 2 ,tiI—Pt) ^-^^([0,1]) andvn = 0{n'^~p), 
the condition fl2.1l) in (MDP) is verified. 

Let PL be the banach space of valued right-continuous-left-limit non decreasing func¬ 
tions 7 on [ 0 , 1 ] with 7 ( 0 ) = 0 , equipped with the uniform norm and the a—field 
generated by the coordinate { 7 (f), 0 ^ ^ 1 }. 










6 


HACENE DJELLOUT AND HUI JIANG 


Theorem 2.2. Under the conditions (MDP) and (B), the sequence 


^(V-{X)-[Vl) 

satisfies the LDP on "H with speed v'^ and with rate function given by 


Jmdpifi) = \ 

+ 00 , 


■ ^i't))dt if 0 e .ACo([0,1]) 


otherwise, 


(2.5) 


where 




s. = 




a: 


2,t 





\(^IA2,tPt (Ti,t(TltPt + pI) j 

is invertible and ^ 

his inverse such that 



^ - pI) \^tAitPl{'^ - pI) 

- p1)^ 

v-i _ 1 

1 1 

- pi) 

* det(S0 

- pD -altalfil - pI) 


\-(^lAltPt{^ - pI) - pI) 

KAlA^-pt) / 


with det(St) = -altalfil - plf, 
and ACq = {0 : [0,1] —)• is absolutely continuous with 0(0) = 0} . 


Remark 2.3. A similar result for the moderate deviations is obtained by Jiang [16] in the 
jump case for 


n>l 


2.2. Large deviation. Our second result is about the large deviation of Vf{X), i.e. at 
fixed time. 

Theorem 2.3. Let t = 1 be fixed. Under the conditions (LDP) and (B) , the sequence 
Vf{X) satisfies the LDP on with speed n and with good rate function given by the legendre 
transformation of A, that is 

Iidp{x) = sup ((A, x) - A(A)), 

AeR3 

where A(A) ^ ^ 2 <r 2 ,t. ^ 2 (^ 1202 ,t)dt. 


( 2 . 6 ) 
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Remark 2.4. Under the condition bi = 0, we can calculate the moment generating function 
ofVf{X). We obtain that for all 9 = {9i, 02, 9-f)^ G V 


pt 


1 


lim -E 6 ' 2 CT 2 ,s, 6 ' 3 <Ti,scr 2 ,^) rfs. 


n^oo n jQ 

But the study of the steepness is more difficult. 


Let us consider the case where diffusion and correlation coefficients are constant, the rate 
function being easier to read. Before that let us introduce the function P* which is the 
Legendre transformation of Pc given in fl2.2p . for all x = {xi,X 2 ,X 3 ) 

Vl - I ^ Xi+ X2- 2 cx3 

yX,X 2 -xl ~ 2(1 -c2) 

(2.7) 

if Xl >0, X2 > 0, X 1 X 2 > xl 

+CX), otherwise. 



Corollary 2.4. IL^e assume that for i = 1,2 cr^ and p are constants. Under the condition 
(B), we obtain that Vf{X) satisfies the LDP on with speed n and with good rate function 
Iidp 9 ^ven by 


^Wpi^lW2,X3) 


P! 


2 ’ 2 ’ / ’ 
(J 2 (Tia2j 


( 2 . 8 ) 


where P* is given in 7|j. 


Remark 2.5. In the case is constant, a similar result for the large deviations is obtained 
by Mancini [IH] in the jump case for 


Now, we shall extend Theorem 12.31 to the process-level large deviations, i.e. for trajecto¬ 
ries (V”(X),t G [ 0 , 1 ]) which is interesting from the viewpoint of non-parametric statistics. 


Let Pl/([0,1],M^) (shorted in BV) be the space of functions of bounded variation on 
[0,1]. We identify BV with Al 3 ([ 0 ,1]), the set of vector measures with value in M^. This is 
done in the usual manner: to / G BV, there corresponds by ph(^[0,f\) = f{t). Up to this 
identification, C 3 ([ 0 , 1 ]) the set of R^-valued continuous bounded functions on [ 0 , 1 ], is the 
topology dual of BV. We endow BV with the weak-* convergence topology a {BV, C 3 ([ 0 ,1])) 
and with the associated Borel-a-field B^^. Let / G BV and the associated measure in 
Al 3 ([ 0 ,1]). Consider the Lebesgue decomposition of p^, p^ = pl + p^ where pi denotes the 
absolutely continuous part of ph with respect to dx and pi its singular part. We denote by 
fa{t) = ul{[0,t]) and by /,(t) = pl{[0,t]). 


Theorem 2.5. Under the conditions (LDP) and (B), the seguence V'f{X) satisfies the 
LDP on BV with speed n and rate function Jidp given for any f = {fi, f 2 , /s) ^ BV by 


Jidpif) = 


P 


pt 


flait) f2,ait) 




a. 


2,t 




<Tl,tO' 2 ,t 

2alalt{^-pl) 


(2.9) 


where P* is given in \2. 7| ) and 6 is any real-valued nonnegative measure with respect to 
which pI is absolutely continuous and /j = dpl/dO = {figyf^syfss)- 
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3. Prooes 


For the convenience of the reader, we recall the following lemma which is the key of the 
proofs. 

Lemma 3.1. (Approximation Lemma) Theorem 4-2.13 in [10] 

Let (Y^,X^,n E N) be a family of random varibales valued in a Polish space S with 
metric d{-, •), defined on a probability space (12, P). Assume 

• P(F"- G ■) satisfies the large deviation principle with speed Cn (e„ —)■ oo) and the 
good rate function I. 

• for every 5 > 0 

limsup —logP(d(y’^,X’^) > 5) = -cx). 

n—>oo 

Then P(X"' G •) satisfies the large deviation principle with speed Cn and the good rate 
function I. 


Before starting the proof, we need to introduce some technical tools. In the case without 
jumps, we introduce the following diffusion for 1 = 1,2 

Di,t = / crt,sdW^^si 

Jo 

where and are dehned as before. We introduce the correspondent estimator 
where for 1=1,2 

[nt] [nt] 

= cr = 5; a;d,a;£>,. 

k=l k=l 

We recall the following results from Djellout et ah m 


Proposition 3.2. Under the conditions (B) and (MDP), 

(1) the seguence 

JJ{vr-ivh) 

Vn 

satisfies the LDP on with speed vf and with rate function given by 12. il) . 

(2) the seguence 

— (P”- [V].) 

'^n 

satisfies the LDP on TL with speed and with rate function given by li2.2^) . 


Proposition 3.3. Under the conditions (B) and (LDP). 

(1) the seguence P” satisfies the LDP on with speed n and with good rate function 
given in ( 12.61) . 

(2) the seguence V” satisfies the LDP on BV with speed n and rate function Jidp given 
by 
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3.1. Proof of Theorem 12.IL 

We will do the proof in two steps. 

Pari 1 We start with the case = 0. In this case, Vf(X) = V”(X°) with = 
- fobi(s,uj)ds and 

n 

Ql,(x°) = 1=1,2 

k=l 


and 


cr(A») = 5^ AjA'f a;a'P 


{maxf^PA^A0)2<r(l)}- 


k=l 


We will prove that 




0 . 


For that, we will prove that for £ = 1,2 


and 




(Cr(X°) - C^) 0. 


(3,1) 


(3.2) 


We start by the proof of fl3.ip . Since the processes X° and have independent incre¬ 
ment, by Chebyshev ineqnality we obtain for all 0 > 0 


P 


— (SL(.’f“) - <2?,i) > ■*) e-"”" He 


9y/nvn 




k=l 


We have to control each term appearing in the prodnct 


E e 


d^Vr, 




< 3fJi(fc, n) -f 'Si. 2 {k, n), 


(3.3) 


where 

and 


3?i(fc,n) := E 


{(A^X0)2<r(i)} 


3?2(fc,n) := P ( > r(-) ) . 


For the hrst term, we write 

»i(fc, n) = E AJA, = o) P(AJA, = 0) 

+^\e Jl{(A^XO)2<r(i),A^A,^0}j • 

Since Ni is independent of IW, we obtain that 

^i{k,n) < P < r(^)^ -t- 

< 1 + 


(3.4) 


(3.6) 
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Now we have to control ^ 2 {k,n), by the same argument as before we have 
Mk,n) = p('(AJX?)">r(i)|A;;jV, = o)p(AJJV, = 0) 

+p('AJA»)2>r(i).AJJV,#o' 

< P > r(i) j + (1 - 


From exponential inequality for martingales, it follows that for i = 1,2, 

1 ' 


P (AlDeY > r 


n 


< exp 


rfrl 


which implies that 


< exp 


rfrl 






+ (1 _ 


From fl3.3ll . fl3.5ll and fl3.7p . we obtain that 


E e 


9y/nvn 




(3,6) 


(3.7) 


< l + (l+e' 


/nVndrA) 


)(l_e-N/-) 


exp 


2 


Using the hypotheses (MDP), we have 


n n ^ ^ I d^Vr, 

hm sup — max log E e 




= 0 . 


n—)-cx) 


(3.8) 


So 


limsup4logpf— > 5 ) <-X5. 

n—>-oo \ Vn ’ ’ J 


Letting A goes to inhnity, we obtain that the right hand of the last inequality goes to 
- 00 . Proceeding in the same way for —(Q”j(X°) — we obtain fl3.ip . 


Now we have to prove fl3.2p . For that we have the following decompostion 

2 


cr(.Y») - c;‘= - [^yx") - - 




y=l 


(3,9) 


where 


Ql, = Y.(AID, + AID,)\ 


k=l 


QUxO) = Y^(aix1)H 


{max|^PA-A0)=<7-(^)} 


k=l 


and for £=1,2 
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and 


2w(A'”) = + A”A'5)T 


{max2^^(A^A0)2<r(L)}- 


k=l 


Remark that is a slight modihcation of 

We know that + A'^D 2 ~ A/’(0, /9^(/c, n)) with 

rtk ptk ptk 

l3‘^{k,n) = / af^gds+ / + 2 / 0'i,s0'2,sPsds. 


^k — i 


^k — 1 


For all d > 0, we have 


P ^ |Cr(X0) -C^\>S]< 3mixF ^\qI^{X^) - Q-J > . 

\Vn ' ' J e=l \Vn ' ’ ’ ' 3 / 

So we obtain fl3.2p . 

Part 2 We have to prove that 


^ (Vr(.Y) - Vf (A")) 0 . 

Vn vl 


We have that 


and 


where 


e{n) 

1 \ 


Z n 


\Ql,(X) - SL(V“)1 < <r(n)S?i(A'“) + (^1 + 
|C"(A') -Cr(A'“)l < £(n)mlxS?,(A") + fl + -, , , 


max ZP 


^ ( ptk 

a? = E / M*. 

fc=l \24-i 


C(;)ds ) . 


By the condition (B), we have that \\Z?\\ < —. We choose e{n) snch that 

n 

■e{n) 0, Vn\/ne{n) oo, 

so by the MDP of Q'^i{X^), we obtain the resnlt. 


(3.10) 

(3.11) 


3.2. Proof of Theorem 12.2L 

Since the sequence ^(R” — [V].) satishes the LDP on PL with speed and rate func¬ 
tion Jmdp, by Lemma ISTTl it is sufficient to show that: 


^ sup l|vr(X°) - vr 
W ie[o,i] 


superexp 


0 . 


Lemma 3.4. Under the condition (MDP), we have 


lim ^ sup llEVr(X°) - [Vjtll = 0. 

n^oo Vn t6[o,l] 


(3.12) 
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Proof We will prove that for £=1,2 


1 . 

lim - sup 

n^oo Vn te[0,l] 


- / ai/s 
Jo 


= 0 . 


(3.13) 


and 


n 


lim ^— sup 

n^oo Vn te[0,l] 


EQiX'^) - / a,,sCTi,sPsds 


In fact, 03.131) can be done in the same way as in Jiang 
Using 03.9p . we obtain that 


= 0. (3.14) 

It remains to show 03.14p . 


EQ{X^) - / ai,sai,sPsds 

Jo 


< 2 - A| +mlx 




alJs 


where {3t = fg o'f gds + J* c^^sds + 2 o-i^sO' 2 ,sPsds. So the proof of 03.14p is a consequence 
of 03.13P and the fact that 


lim — sup — /dj =0, 

Vn te[o,i] 


which is an adaptation of the proof in Jiang [T6] . 
Proof of Theorem 12.21 
For 03.121) . we will prove that for £ = 1, 2 


n 


^ sup \\Ql,(.X°) - Ql,\ 

Vn ie[o,i] 


superexp 


0 and — sup 


Vn is [0,1] 




superexp 


0 . 


From Lemma 13.41 it follows that as n ^ oo 


— sup (E(Q?,(X») - Ql,) V E(Cr(A'») - C,")) ^ 0, 

Vn IS [ 0 , 1 ] 


Then, we only need to prove that 


n 


sup \\Ql,m - Ql - EiQliX^) - Ql)\ 
Vn te[o,i] 


superexp 


and 


n 


sup ||cr(x^) - cr - E(c(x‘^) - cDi 

Vn ie[o,i] 


superexp 


0 . 


(3.15) 


(3.16) 


(3.17) 


We start by the proof of (13.1611 Remark that (Qf ^A'*^) — Q", — E(Q)(,(A'**) — Q",)) is 
a Aar/„-martingale. Then 

exp (A (S?,,(A") - Ql, - E(S?,(A“) - Q?,))) 
is a submartigale. By the maximal inequality, we have for any p,X > 0 


P I ^ sup (QJ,(A") - Ql, - E(Q”,(A») - Ql,)) > r, 

W te[o,i] 

< e-'”"'’Eexp (\^v„ (S"i(A") - Ql, - E(S?,,(A") - (??,,))) 
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and 


P I ^ inf (Q?,,(X») - Ql, - E(Q?,(A'") - «>,)) < -v 

Vn c€[0,lj 

< e-^""’'Eexp {-XV^Vn (Q,"i(X°) - Ql^ - " Qli))) ■ 

Together with fl3.8p and fl3.15p . we have 

limsupilogPf— sup \Ql,(X«) - Ql, - E(aUXO) - Ql,)\ > lA <-H 

n^oo \ Vn te[0,l] J 


fl3.16p can be obtained by letting A goes to inhnity. 
Similarly, we can have fl3.17p by fl3.8p . fl3.9p and fl3.15p . 


3.3. Proof of Theorem 12.31 

We will do the proof in two steps. 


Step 1 We will prove that 


0 \ T/n superexp 


- VI 


0 . 


For that, we will prove that for £=1,2 

IWOI nn superexp 

^ 

’ ’ n 

and 


0 , 


nlwON r^n superexp 




0 . 


We start by the proof of (13.181) . Since the processes Xi and Di have independent 
ment, by Chebyshev ineqnality we obtain for all 6^ > 0 


P - Ql^ >5) < JJe 

Similar to (13.3p . 


9n 




k=l 


E e 


9n 




< Ii{k,n) + l 2 {k,n), 


where 

and 

From 


T (1. ._ 117 £„6ln[(A-v0)2-{A^D^)2l, 

.-M, I e L Jl{(A-xO)2<r-(i)} 


h{k,n) :=P (A^X,Y>r(-) 

n 


and (13.7p . it follows that 
hi^k, n) < exp 


''72^ 






hiKn) < 1 + E 


(3.18) 

(3.19) 
incre- 


and 
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Let (a„) be a sequence of real numbers such that —)■ 0, which will be chosen latter. 

We have 

E = F,(k, n) + F,(k, n), 

where 

Fi(/c,n) ■= E l|(^njYO)2<^(i)_A^;v^^o,|A"j(;|<a„}) 

and 

F2{k,n) := E l{(A-X0)2<r(i),A^A^^0,|A^J^|>a„}) • 

We have to prove that for £ = 1,2 lim„^oo max^^^^ Ffi^k, n) —)■ 0. We start with F 2 (fc, n). 
From condition (LDP), it follows that nmax^^^^ ^ < +oo. 

So for all 0 > 0, we choose 




an = \ 2 J9n max / o'j^ds + 1 j a/ r(l/n). 


k=l 


'tk-l 


Then it is easy to see that 


F2{k,n) < 


/ 


IZI > 


V 


2^9n max"^i al^ds,J^) 
\/ltk<sds 


\ 




where Z is a standard Gaussian random variable. As a consequence of the well-known 
2 2 

inequality J °°e 2 dz < {l/y)e for all y > 0, we obtain 


A 2 (fc,u) 


,-20nr(i) 


-\/ 6nr{l/n) 

So for n large enough and 6* > 1, we have 

maxF 2 (fc,n) < —)• 0 as n ^ 00 . 

Now we will control Fi{k,n). Using the fact that 


en{AlX^y < On 


{AlDef+ 4enmkx I al^ds^Apif 


46*nmax^^j^ ^ crj^ds 


k=l 


^k — 1 


we have with the same choose of the sequence an, by independence of A'^Di and and 
Cauchy-Schwarz inequality that 




Fi{k,n) < E j E 

< E (e^f ) e 4 pi (AJiV, 0), 

From Mancini [IS] page 877, we conclude that 

Jhn m^E < oo. 


lJe\<<^A^{A^Ne^0} 
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Since Z is a standard Ganssian random variable, we conclnde that 


Z f e 4 ) < cxD. 


So that Fi{k, n) <C{1 — e —)■ 0 as n ^ cx). 

Therefore, 


1 


lim — log IT E 

n^oo fl 


On 




= 0 , 


k=l 


which implies that for any 6 > 1 


lim -logP(Q^i(X°) > 5) < -96. 

n^oo n ’ ’ 

Letting 6 goes to infinity, we obtain that the left term in the last ineqnality goes to — cxo. 
And similarly, by doing the same calcnlation with 

P - 0?, < -S), 

we can get fl3.18p . 

To prove fl3.19p . we nse the decomposition fl3.9p and an adaptation of the proof of fl3.18p . 


Step 2 We will prove that 


Vr(X) - Vr(X‘') 


Qx superexp 


0 . 


For that we nse (13.101) and fl3.1ip and we choose e{n) such that ne{n) —)■ 0 to obtain the 
result. 


3.4. Proof of Theorem 12.51 

We will prove that for £ = 1,2 

in r>n \\ superexp ,, , qn ^n\\ superexp 


sup \\QUX^)-Ql\ 
ie[o,i] 


0 and sup - Gf 

te[o,i] 


0 . 


To do that we use the same argument as in the proof of Theorem 12.21 and the fact that 


sup \E{QI,{X^) - Ql))\ ^ 0. 
ie[o,i] 
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